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Abstract. In the paper hedging of the European option in a discrete time
financial market with proportional transaction costs is studied. It is shown
that for a certain class of options the set of portfolios which allow to hedge an
option in a discrete time model with a bounded set of possible changes in a
stock price is the same as the set of such portfolios, under assumption that the
stock price evolution is given by a suitable CRR model.

Key words: European option, Self-financing strategy, Hedging, Transaction
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1 Introduction

In the paper we consider the problem of hedging of the European option in a
discrete time market model.

Although the problem of hedging of contingent claims in discrete time
under proportional transaction costs was studied in many papers (see [1]–[12])
it appears to be nontrivial to apply to the real market the results which were
obtained for a general model (see [3], [4], [11]). From calculation point of view
a so called Cox-Ross-Rubinstein (CRR) model is very convenient since in this
particular model it is easy to get the exact value of the price of an option as
well as the set of portfolios which allow to hedge the option (see for instance
[1], [2], [9], [10]). On the other hand the Cox-Ross-Rubinstein model seems to
be too simple to be a proper description of the real stock price evolution. In
this paper however it is shown that for a special class of options which
includes popular call option the set of portfolios which allow to hedge a
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contingent claim in a quite general model of the stock price process is the
same as in the Cox-Ross-Rubinstein model. The result therefore seems to be
interesting for practitioners since it justifies the use of the CRR model ap-
proach to price derivatives for a certain class of options. The possibility of
reducing of the model of a stock price movement to the binomial model in
case of the problem of hedging of the European option for the market with no
transaction costs was considered in [5], [8] and [12].

2 The model

Let ðX;F ; PÞ be a probability space, T a positive natural number and
fF t; t ¼ 0; . . . ; Tg a family of r-algebras such that F 0 ¼ f;;Xg;F t � F tþ1 for
t ¼ 0; . . . ; T � 1 and F T ¼ F . We assume that X is finite (except Subsection
4.2).

Throughout this paper equalities and inequalities depending on x 2 X if
not stated otherwise hold for all x 2 X.

We consider a market with two assets, a risky stock and a riskless bond
and assume that all assets are infinitely divisible.

The stock price movement is modelled by the process fSt; t ¼ 0; . . . ; Tg
where St denotes the price of the stock at time t; for t ¼ 0; . . . ; T . We assume
that St is F t measurable for t ¼ 0; . . . ; T .

In our model the stock price process satisfies the following recursive for-
mula:

Stþ1 ¼ ð1þ gtþ1ÞSt; t ¼ 0; . . . ; T � 1

where S0 > 0 and fgtgt¼1;...;T is a sequence of i.i.d. random variables such that
gt 2 ha; bi where �1 < a < 0 and b > 0.

We assume that the following inequalities hold:

P ðgt ¼ eÞ > 0 for t ¼ 1; . . . ; T and e 2 fa; bg: ð2:1Þ
It is easily seen that the price of the stock is positive at each moment.

We assume that F t ¼ rðgu; 1 � u � tÞ for t ¼ 1; . . . ; T .
For every t ¼ 0; . . . ; T � 1 and h 2 ha; bi let Sh

t be a random variable
defined as follows:

Sh
t ðxÞ ¼ ð1þ hÞStðxÞ for x 2 X:

We assume that the bond earns interest with a constant rate r such that
a > �1 and 0 � r < b.

For transfers of wealth from one asset to another the proportional
transaction costs are paid in our model. For every t ¼ 0; . . . ; T the cost of
buying one share of the stock at time t is ð1þ kÞSt, where k 2 ½0;1Þ, and the
amount received for selling one share at time t is ð1� lÞSt, with l 2 ½0; 1Þ.

Let q: R! R be a function defined as follows:

qðzÞ ¼ ð1þ kÞz if z � 0
ð1� lÞz if z < 0

�
:

For any ðq1; q2Þ 2 R2 we define a set Cðq1;q2Þ as follows:

Cðq1;q2Þ ¼ fðu; vÞ 2 R2: q1 � uþ qðq2 � vÞ � 0g
A trading strategy ðx; yÞ is a pair of processes fðxt; ytÞ; t ¼ 0; . . . ; T � 1g where
xt; yt are F t measurable for t ¼ 0; . . . ; T � 1. Here, xt; yt denote holdings (in
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cash) of bonds and shares of the stock respectively, held by the seller of the
option at time t (after transaction at this moment) for t ¼ 0; . . . ; T � 1.
Moreover, for a strategy ðx; yÞ let x�1; y�1 2 R denote respectively initial
holdings (in cash) of bonds and shares of the stock in a portfolio of the seller
of the option.

By convention we set S�1 ¼ S0.
A trading strategy ðx; yÞ is said to be self-financing if:

x0 � x�1 þ qðy0 � y�1Þ � 0

and

xt � ð1þ rÞxt�1 þ q yt �
St

St�1
yt�1

� �
� 0 for t ¼ 1; . . . ; T � 1

This means that at every trading moment, the sales must finance possible
purchase.

Denote by A the set of all self-financing, trading strategies.
If P ðgt ¼ aÞ þ P ðgt ¼ bÞ ¼ 1 for t ¼ 1; . . . ; T and 0 < P ðgt ¼ bÞ < 1 for

t ¼ 1; . . . ; T then we have so called Cox-Ross-Rubinstein model. We will
denote such a model by CRRða; bÞ.

3 Some auxiliary results

Throughout this paper functions if not stated otherwise are defined on ð0;1Þ,
measurable and take values in R.

Let p ¼ ðp1; p2Þ be a given pair of functions.
We define functions cp;1 and cp;2 as follows:

cp;1ðsÞ ¼
p1ðsÞ
1þ k

þ p2ðsÞ and cp;2ðsÞ ¼
p1ðsÞ
1� l

þ p2ðsÞ for all s 2 ð0;1Þ:

Throughout this paper equalities and inequalities depending on s 2 ð0;1Þ
if not stated otherwise hold for all s 2 ð0;1Þ:

Let the constant c be defined as follows:

c ¼ ð1þ kÞð1þ bÞ � ð1� lÞð1þ aÞ:
It is easy to check that c > 0.

For simplicity of notation we write sh instead of ð1þ hÞs and shd instead of
ð1þ dÞð1þ hÞs:

We define functions I1p and I2p as follows:

I1p ðsÞ ¼ ð1� lÞðb� aÞcp;2ðsaÞ � ccp;1ðsaÞ þ ð1þ aÞðlþ kÞcp;1ðsbÞ
and

I2p ðsÞ ¼ ð1þ kÞðb� aÞcp;1ðsbÞ � ccp;2ðsbÞ þ ð1þ bÞðlþ kÞcp;2ðsaÞ:

Let P denote the set of all pairs of functions p such that I1p ðsÞ � 0 and

I2p ðsÞ � 0 for all s 2 hð1þ aÞT�1S0; ð1þ bÞT�1S0i:

Definition 3.1. Let ðp1; p2Þ be a given pair of functions. We define by induction

pairs of functions pðiÞ ¼ ð pðiÞ1 ; p
ðiÞ
2 Þ for i 2 Nnf0g as follows:

pð0Þj ðsÞ ¼ pjðsÞ for j ¼ 1; 2
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pðiÞ1 ðsÞ ¼
ð1� lÞð1þ kÞ
ð1þ rÞc ðð1þ bÞcpði�1Þ;2ðsaÞ � ð1þ aÞcpði�1Þ;1ðsbÞÞ

pðiÞ2 ðsÞ ¼
�ð1þ rÞ

ð1þ kÞð1þ bÞ p
ðiÞ
1 ðsÞ þ

1

1þ b
cpði�1Þ;1ðsbÞ:

For all h 2 ha; bi we define functions L1;h
p and L2;h

p as follows:

L1;h
p ðsÞ ¼

1

c
ððb� hÞð1� lÞcp;2ðsaÞ þ ðð1þ kÞð1þ hÞ

� ð1� lÞð1þ aÞÞcp;1ðsbÞÞ � cp;1ðshÞ
and

L2;h
p ðsÞ ¼

1

c
ððð1þ kÞð1þ bÞ � ð1� lÞð1þ hÞÞcp;2ðsaÞ

þ ðh� aÞð1þ kÞcp;1ðsbÞÞ � cp;2ðshÞ:

By W we denote the set of all pairs of functions p such that p 2 P and for

all h 2 ha; bi and s 2 hð1þ aÞT�1S0; ð1þ bÞT�1S0i the following inequalities
are satisfied:

L1;h
p ðsÞ � 0

L2;h
p ðsÞ � 0

ðb� rÞL2;h
p ðsÞ �

ðh� rÞ
c

I2p ðsÞ � 0

ðr � aÞL1;h
p ðsÞ þ

ðh� rÞ
c

I1p ðsÞ � 0:

For all h 2 ha; bi and every t ¼ 0; . . . ; T � 1 let

Gh
pðtÞ ¼ ðx; yÞ 2 R2: y � max

�ð1þ rÞ
ð1þ kÞð1þ hÞ xþ

1

1þ h
cp;1ðSh

t Þ;
��

�ð1þ rÞ
ð1� lÞð1þ hÞ xþ

1

1þ h
cp;2ðSh

t Þ
��

:

Moreover, let bGpðtÞ ¼ Ga
pðtÞ \ Gb

pðtÞ for t ¼ 0; . . . ; T � 1.
It is clear that for all h 2 ha; bi and t ¼ 0; . . . ; T � 1 the set Gh

pðtÞ depends
on x 2 X and consequently, the same holds for bGpðtÞ:

Lemma 3.2. For all x 2 X; h 2 ha; bi and t ¼ 0; . . . ; T � 1 we have the fol-
lowing equivalence:

ĜpðtÞðxÞ � Gh
pðtÞðxÞ if and only if L1;h

p ðStðxÞÞ � 0 and L2;h
p ðStðxÞÞ � 0:

Proof. We fix x 2 X; h 2 ha; bi and t 2 f0; . . . ; T � 1g in this proof. More-
over, throughout this proof we omit the fixed x in the notation.
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Let,

Eh
1 ¼ ðx; yÞ 2 R2: y � �ð1þ rÞ

ð1þ kÞð1þ hÞ xþ
1

1þ h
cp;1ðSh

t Þ
� �

and

Eh
2 ¼ ðx; yÞ 2 R2: y � �ð1þ rÞ

ð1� lÞð1þ hÞ xþ
1

1þ h
cp;2ðSh

t Þ
� �

:

It is easy to see that ĜpðtÞ � Gh
pðtÞ if and only if pð1ÞðStÞ 2 Eh

1 \ Eh
2:

Then by direct calculation, we obtain for i ¼ 1; 2 that pð1ÞðStÞ 2 Eh
i if and

only if Li;h
p ðStÞ � 0, which completes the proof. h

For simplicity of notation let

A1 ¼
ð1þ kÞð1þ rÞ � ð1� lÞð1þ aÞ

ð1þ rÞc ; B1 ¼
ðb� rÞð1� lÞ
ð1þ rÞc

A2 ¼
ðr � aÞð1þ kÞ
ð1þ rÞc ; B2 ¼

ð1þ kÞð1þ bÞ � ð1� lÞð1þ rÞ
ð1þ rÞc :

Moreover, for h 2 ha; bi let

a1ðhÞ ¼
ð1þ kÞð1þ hÞ � ð1� lÞð1þ aÞ

c
; b1ðhÞ ¼

ðb� hÞð1� lÞ
c

a2ðhÞ ¼
ðh� aÞð1þ kÞ

c
; b2ðhÞ ¼

ð1þ kÞð1þ bÞ � ð1� lÞð1þ hÞ
c

:

By a standard calculation we have the following lemma:

Lemma 3.3. For i 2 Nnf0g we have cpðiÞ;1ðsÞ ¼ A1cpði�1Þ;1ðsbÞ þ B1cpði�1Þ;2ðsaÞ
and cpðiÞ;2ðsÞ ¼ A2cpði�1Þ;1ðsbÞ þ B2cpði�1Þ;2ðsaÞ:

By Lemma 3.3 we obtain the following useful identities:

Lemma 3.4. For all h 2 ha; bi; s 2 ð0;1Þ and i 2 Nnf0g we have L1;h
pðiÞ ðsÞ ¼

A1L1;h
pði�1Þ ðs

bÞ þ B1L2;h
pði�1Þ ðs

aÞ � ð1�lÞðh�rÞ
c2ð1þrÞ I2pði�1Þ ðs

aÞ and L2;h
pðiÞ ðsÞ ¼ A2L1;h

pði�1Þ ðs
bÞþ

B2L2;h
pði�1Þ ðs

aÞ þ ð1þkÞðh�rÞ
c2ð1þrÞ I1pði�1Þ ðs

bÞ:

Proof. We fix h 2 ha; bi and i 2 Nnf0g in this proof.
Notice that:

a1B1 � A1b1ðhÞ ¼
ð1� lÞðh� rÞ
ð1þ rÞc ð3:1Þ

b1ðhÞA2 � B1a2ðhÞ ¼
ð1� lÞð1þ kÞða� bÞðh� rÞ

ð1þ rÞc2 ð3:2Þ

b1ðhÞB2 � B1b2ðhÞ ¼
ð1� lÞð1þ bÞðlþ kÞðr � hÞ

ð1þ rÞc2 : ð3:3Þ
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Moreover, L1;h
pðiÞ ðsÞ ¼ a1ðhÞcpðiÞ;1ðsbÞ þ b1ðhÞcpðiÞ;2ðsaÞ � cpðiÞ;1ðshÞ.

From Lemma 3.3 we have:

L1;h
pðiÞ ðsÞ ¼ a1ðhÞðA1cpði�1Þ;1ðsbbÞ þ B1cpði�1Þ:2ðsbaÞÞ þ b1ðhÞðA2cpði�1Þ:1ðsabÞ

þ B2cpði�1Þ;2ðsaaÞÞ � ðA1cpði�1Þ;1ðshbÞ þ B1cpði�1Þ;2ðshaÞÞ:
Therefore, from (3.1), (3.2), (3.3) we obtain:

L1;h
pðiÞ ðsÞ ¼ A1ða1ðhÞcpði�1Þ;1ðsbbÞ þ b1ðhÞcpði�1Þ;2ðsbaÞ � cpði�1Þ;1ðshbÞÞ

þ B1ða2ðhÞcpði�1Þ;1ðsabÞ þ b2ðhÞcpði�1Þ;2ðsaaÞ � cpði�1Þ;2ðshaÞÞ

þ ð1� lÞðh� rÞ
ð1þ rÞc2 ðccpði�1Þ;2ðsbaÞ þ ð1þ kÞða� bÞcpði�1Þ;1ðsabÞ

� ð1þ bÞðlþ kÞcpði�1Þ;2ðsaaÞÞ:
Consequently,

L1;h
pðiÞ ðsÞ ¼ A1L

1;h
pði�1Þ ðs

bÞ þ B1L2;h
pði�1Þ ðs

aÞ � ð1� lÞðh� rÞ
ð1þ rÞc2 I2pði�1Þ ðs

aÞ:

The proof of the second identity is similar. Namely, we have:

a2ðhÞA1 � a1A2 ¼
ðkþ lÞð1þ aÞðh� rÞð1þ kÞ

ð1þ rÞc2 ð3:4Þ

a2ðhÞB1 � A2b1ðhÞ ¼
ð1þ kÞð1� lÞðb� aÞðh� rÞ

ð1þ rÞc2 ð3:5Þ

b2ðhÞA2 � B2a2ðhÞ ¼
ð1þ kÞðr � hÞ
ð1þ rÞc : ð3:6Þ

Moreover, L2;h
pðiÞ ðsÞ ¼ a2ðhÞcpðiÞ;1ðsbÞ þ b2ðhÞcpðiÞ;2ðsaÞ � cpðiÞ;2ðshÞ.

From Lemma 3.3 we obtain:

L2;h
pðiÞ ðsÞ ¼ a2ðhÞðA1cpði�1Þ;1ðsbbÞ þ B1cpði�1Þ;2ðsbaÞÞ þ b2ðhÞðA2cpði�1Þ;1ðsabÞ

þ B2cpði�1Þ;2ðsaaÞÞ � ðA2cpði�1Þ;1ðshbÞ þ B2cpði�1Þ;2ðshaÞÞ:
Using (3.4), (3.5), (3.6) we have:

L2;h
pðiÞ ðsÞ ¼ A2ða1ðhÞcpði�1Þ;1ðsbbÞ þ b1ðhÞcpði�1Þ;2ðsbaÞ � cpði�1Þ;1ðshbÞÞ

þ B2ða2ðhÞcpði�1Þ;1ðsabÞ þ b2ðhÞcpði�1Þ;2ðsaaÞ � cpði�1Þ;2ðshaÞÞ

þ ð1þ kÞðh� rÞ
ð1þ rÞc2 ðkþ lÞð1þ aÞcpði�1Þ;1ðsbbÞ

�

þð1� lÞðb� aÞcpði�1Þ;2ðsbaÞ � ccpði�1Þ;1ðsabÞ
�
:

Consequently, L2;h
pðiÞ ðsÞ ¼ A2L

1;h
pði�1Þ ðs

bÞ þ B2L
2;h
pði�1Þ ðs

aÞ þ ð1þkÞðh�rÞ
ð1þrÞc2 I1pði�1Þ ðs

bÞ and
the proof is completed. h

From the proof of Lemma 3 in [6] we have the following fact:

Lemma 3.5. For i 2 Nnf0g the functions I1pðiÞ and I2pðiÞ satisfy the following
recursive identities:
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I1pðiÞ ðsÞ ¼ A1I1pði�1Þ ðs
bÞ þ ð1� lÞ

ð1þ kÞ A2I2pði�1Þ ðs
aÞ

and

I2pðiÞ ðsÞ ¼
ð1þ kÞ
ð1� lÞB1I1pði�1Þ ðs

bÞ þ B2I2pði�1Þ ðs
aÞ:

Concluding our technical results, we obtain:

Theorem 3.6. Let p be a pair of functions such that p 2 W. Then
Lj;h

pðiÞ ðST�i�1Þ � 0 for all x 2 X; h 2 ha; bi; j 2 f1; 2g and i ¼ 0; . . . ; T � 1.

Proof: Let h 2 ha; bi be fixed in this proof.
We use a backward induction.
Let p be a given pair of functions. It is clear that,

L1;h
pð0Þ ðST�1Þ � 0

L2;h
pð0Þ ðST�1Þ � 0

ðb� rÞL2;h
pð0Þ ðST�1Þ �

ðh� rÞ
c

I2pð0Þ ðST�1Þ � 0

ðr � aÞL1;h
pð0Þ ðST�1Þ þ

ðh� rÞ
c

I1pð0Þ ðST�1Þ � 0

Assume that for some i 2 f0; . . . ; T � 2g we have

L1;h
pðiÞ ðST�i�1Þ � 0

L2;h
pðiÞ ðST�i�1Þ � 0

ðb� rÞL2;h
pðiÞ ðST�i�1Þ �

ðh� rÞ
c

I2pðiÞ ðST�i�1Þ � 0

ðr � aÞL1;h
pðiÞ ðST�i�1Þ þ

ðh� rÞ
c

I1pðiÞ ðST�i�1Þ � 0:

We shall prove first that L1;h
pðiþ1Þ ðST�i�2Þ � 0 and L2;h

pðiþ1Þ ðST�i�2Þ � 0.

From the inequality ðb� rÞL2;h
pðiÞ ðST�i�1Þ � ðh�rÞ

c I2pðiÞ ðST�i�1Þ � 0 and (2.1)

we have ðb� rÞL2;h
pðiÞ ðS

a
T�i�2Þ �

ðh�rÞ
c I2pðiÞ ðS

a
T�i�2Þ � 0.

Multiplying both sides of the last inequality by ð1�lÞ
ð1þrÞc we obtain:

B1L2;h
pðiÞ ðS

a
T�i�2Þ �

ð1� lÞðh� rÞ
c2ð1þ rÞ I2pðiÞ ðS

a
T�i�2Þ � 0:

By the inequality L1;h
pðiÞ ðST�i�1Þ � 0 and ð2:1Þ we have A1L1;h

pðiÞ ðS
b
T�i�2Þ � 0.

Consequently, A1L1;h
pðiÞ ðS

b
T�i�2Þ þ B1L2;h

pðiÞ ðS
a
T�i�2Þ �

ð1�lÞðh�rÞ
c2ð1þrÞ I2pðiÞ ðS

a
T�i�2Þ � 0.

Therefore using Lemma 3.4 we get L1;h
pðiþ1Þ ðST�i�2Þ � 0.
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Now, from the inequality ðr � aÞL1;h
pðiÞ ðST�i�1Þ þ ðh�rÞ

c I1pðiÞ ðST�i�1Þ � 0 and

ð2:1Þ we have ðr � aÞL1;h
pðiÞ ðS

b
T�i�2Þ þ

ðh�rÞ
c I1pðiÞ ðS

b
T�i�2Þ � 0.

Multiplying both sides of the last inequality by ð1þkÞ
ð1þrÞc we obtain:

A2L1;h
pðiÞ ðS

b
T�i�2Þ þ

ð1þ kÞðh� rÞ
c2ð1þ rÞ I1pðiÞ ðS

b
t�i�2Þ � 0:

By the inequality L2;h
pðiÞ ðST�i�1Þ � 0 and ð2:1Þ we have B2L2;h

pðiÞ ðS
a
T�i�2Þ � 0.

Consequently, A2L1;h
pðiÞ ðS

b
T�i�2Þ þ B2L2;h

pðiÞ ðS
a
T�i�2Þ þ

ð1þkÞðh�rÞ
c2ð1þrÞ I1pðiÞ ðS

b
T�i�2Þ � 0.

Therefore using Lemma 3.4 we get L2;h
pðiþ1Þ ðST�i�2Þ � 0.

We shall prove now that ðb� rÞL2;h
pðiþ1Þ ðST�i�2Þ � ðh�rÞ

c I2pðiþ1Þ ðST�i�2Þ � 0 and

ðr � aÞL1;h
pðiþ1Þ ðST�i�2Þ þ ðh�rÞ

c I1pðiþ1Þ ðST�i�2Þ � 0.

From the inequality ðb� rÞL2;h
pðiÞ ðST�i�1Þ � ðh�rÞ

c I2pðiÞ ðST�i�1Þ � 0 and ð2:1Þ

we have ðb� rÞB2L2;h
pðiÞ ðS

a
T�i�2Þ �

ðh�rÞ
c B2I2pðiÞ ðS

a
T�i�2Þ � 0.

By the inequality L1;h
pðiÞ ðST�i�1Þ � 0 and ð2:1Þwe have A2L

1;h
pðiÞ ðS

b
T�i�2Þ � 0 and

therefore ðb� rÞðA2L1;h
pðiÞ ðS

b
T�i�2Þþ B2L

2;h
pðiÞ ðS

a
T�i�2ÞÞ �

ðh�rÞ
c B2I2pðiÞ ðS

a
T�i�2Þ � 0.

From the identity ðb� rÞ ð1þkÞðh�rÞ
c2ð1þrÞ ¼

ðh�rÞ
c
ð1þkÞ
ð1�lÞB1 we have

ðb� rÞ A2L
1;h
pðiÞ ðS

b
T�i�2Þ þ B2L

2;h
pðiÞ ðS

a
T�i�2Þ þ

ð1þ kÞðh� rÞ
c2ð1þ rÞ I1pðiÞ ðS

b
T�i�2Þ

� �

� ðh� rÞ
c

ð1þ kÞ
ð1� lÞB1I1pðiÞ ðS

b
T�i�2Þ þ B2I2pðiÞ ðS

a
T�i�2Þ

� �
� 0:

Consequently, using Lemmas 3.4 and 3.5 we get:

ðb� rÞL2;h
pðiþ1Þ ðST�i�2Þ �

ðh� rÞ
c

I2pðiþ1Þ ðST�i�2Þ � 0:

Starting now from the inequality ðr � aÞL1;h
pðiÞ ðST�i�1Þ þ ðh�rÞ

c I1pðiÞ ðST�i�1Þ � 0 by

ð2:1Þ we obtain ðr � aÞA1L
1;h
pðiÞ ðS

b
T�i�2Þ þ

ðh�rÞ
c A1I1pðiÞ ðS

b
T�i�2Þ � 0.

By the inequality L2;h
pðiÞ ðST�i�1Þ � 0 and ð2:1Þ we have B1L2;h

pðiÞ ðS
a
T�i�2Þ � 0.

Consequently, ðr�aÞðA1L
1;h
pðiÞ ðS

b
T�i�2ÞþB1L2;h

pðiÞ ðS
a
T�i�2ÞÞþ

ðh�rÞ
c A1I1pðiÞ ðS

b
T�i�2Þ�0.

Thus, using the identity ðr � aÞ ð1�lÞðh�rÞ
c2ð1þrÞ ¼

ðh�rÞ
c
ð1�lÞ
ð1þkÞ A2 we obtain:

ðr � aÞ A1L
1;h
pðiÞ ðS

b
T�i�2Þ þ B1L

2;h
pðiÞ ðS

a
T�i�2Þ �

ð1� lÞðh� rÞ
c2ð1þ rÞ I2pðiÞ ðS

a
T�i�2Þ

� �

þ ðh� rÞ
c

ð1� lÞ
ð1þ kÞ A2I2pðiÞ ðS

a
T�i�2Þ þ A1I1pðiÞ ðS

b
T�i�2Þ

� �
� 0:

Consequently, using Lemmas 3.4 and 3.5 we get:

ðr � aÞL1;h
pðiþ1Þ ðST�i�2Þ þ

ðh� rÞ
c

I1pðiþ1Þ ðST�i�2Þ � 0:
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The proof by backward induction is therefore completed. h

To study examples of options we need the following fact:

Remark 3.7. For any pair of functions p ¼ ðp1; p2Þ and all s 2 ð0;1Þ the fol-
lowing identities hold:

L1;a
p ðsÞ ¼

1

c
I1p ðsÞ; L1;b

p ðsÞ ¼ 0;

L2;a
p ðsÞ ¼ 0; L2;b

p ðsÞ ¼
1

c
I2p ðsÞ;

4 Hedging of the option

Let u ¼ ðu1;u2Þ be a given pair of functions. An option is a pair
ðu1ðST Þ;u2ðST ÞÞ of random variables where u1ðST Þ;u2ðST Þ denote the
amounts of bonds and shares of the stock (in cash) respectively, that are paid
at time T to the option’s holder assuming that the holder of the option
exercises his claim. Throughout the paper we identify an option with the pay-
off pair of functions u.

An option in this paper will be also called a contingent claim or a
European option since the option’s holder can get his payment only at time T .

It can be easily seen that for any option u there exists a unique pair of
functions fu ¼ ðfu;1; fu;2Þ satisfying:

Cðfu;1ðsÞ;fu;2ðsÞÞ ¼ Cð0;0Þ \ Cðu1ðsÞ;u2ðsÞÞ for s 2 ð0;1Þ ð4:1Þ
and

fu;1ðsÞ ¼ u1ðsÞ1 u1ðsÞþu2ðsÞ>0f g if kþ l ¼ 0:

Any strategy ðx; yÞ 2 A of the option’s seller in order to assure the pay-
ment of the holder of the option u has to satisfy the inequality:

u1ðST Þ � ð1þ rÞxT�1 þ q u2ðST Þ �
ST

ST�1
yT�1

� �
� 0: ð4:2Þ

Moreover, such a strategy also has to satisfy the inequality:

q � ST

ST�1
yT�1

� �
� ð1þ rÞxT�1 ð4:3Þ

which implies that the seller of the contingent claim can reach simultaneously
0 in the number of bonds and shares of the stock. In other words ð4:3Þ means
that at time T the seller of the option can pay all his debts.

We say that a trading strategy ðx; yÞ 2 A hedges a contingent claim
u ¼ ðu1;u2Þ (or is a hedging against u) if:

fu;1ðST Þ � ð1þ rÞxT�1 þ q fu;2ðST Þ �
ST

ST�1
yT�1

� �
� 0: ð4:4Þ

The last inequality is equivalent to the simultaneous holding of ð4:2Þ and
ð4:3Þ.
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The inequality ð4:4Þ implies that a trading strategy ðx; yÞ 2 A hedges an
option u if and only if it is possible using this strategy to assure the payments
fu;1ðST Þ; fu;2ðST Þ in bonds and shares of the stock (in cash) respectively, at
time T .

For all x 2 X and t ¼ 0; :::; T � 1 we define a set HuðtÞðxÞ as follows:
HuðtÞðxÞ ¼ fðu; vÞ 2 R2 : there exists ðx; yÞ 2 A such that ðxt�1; yt�1ÞðxÞ ¼

ðu; vÞ and P ½fu;1ðST Þ � ð1þ rÞxT�1 þ qðfu;2ðST Þ � ST
ST�1

yT�1Þ � 0 j F t�ðxÞ ¼ 1g.
HuðtÞ is a set of pre-transaction portfolios which at time t guarantee

hedging of the option u at time T for every t ¼ 0; :::; T � 1.
Moreover, let HuðT Þ ¼ Cðfu;1ðST Þ;fu;2ðST ÞÞ. It is clear that HuðT Þ is a set of

pre-transaction portfolios which at time T guarantee the payments
fu;1ðST Þ; fu;2ðST Þ in bonds and shares of the stock (in cash) respectively, at
time T .

For every t ¼ 0; :::; T � 1 let HCRR
u ðtÞ be defined in the same way as HuðtÞ

assuming additionally that Pðgu ¼ aÞ þ P ðgu ¼ bÞ ¼ 1 and 0 < P ðgu ¼ aÞ < 1
for u ¼ t þ 1; :::; T .

H CRR
u ðtÞ is a set of pre-transaction portfolios which at time t guarantee

hedging of the contingent claim u at time T if the stock price movement from
the moment t until time T is the same as in the CRRða; bÞ model.

The seller’s price of a contingent claim u is defined by:

pðuÞ ¼ inffx0 þ qðy0Þ; ðx; yÞ 2 A and hedges ug
It is easily seen that Huð0Þ does not depend on x 2 X and we have the
equality pðuÞ ¼ inffx 2 R;ðx; 0Þ 2 Huð0Þg.

For every i ¼ 0; :::; T let f ðiÞu ¼ ðf ðiÞu;1; f
ðiÞ
u;2Þ denote a pair of functions which

is a result of the i-th iteration of the operator from Definition 3.1 on the pair
of functions ðfu;1; fu;2Þ.

By Theorem 1 of [10] we have the following fact:

Theorem 4.1. Let u be an option such that fu 2 P.

Then H CRR
u ðtÞ ¼ Cðf ðT�tÞ

u;1 ðST Þ;f ðT�tÞ
u;2 ðST ÞÞ for all x 2 X and t ¼ 0; :::; T � 1.

The main result is:

Theorem 4.2. Let u be an option such that fu 2 W.

Then HuðtÞ ¼ HCRR
u ðtÞ for all x 2 X and t ¼ 0; :::; T � 1.

Proof. From Theorem 3.6 we have L1;h

f
ðT�t�1Þ
u

ðST Þ � 0 and L2;h

f
ðT�t�1Þ
u

ðST Þ � 0 for

all x 2 X; h 2 a; bh i and t ¼ 0; :::; T � 1.

Thus from Lemma 3.2 we have bGf ðT�t�1Þ
u

ðtÞ � \
h2 a;bh i

Gh
f ðT�t�1Þ
u

ðtÞ for all x 2 X

and t ¼ 0; :::; T � 1. It is easy to verify that f ðT�tÞ
u ðST Þ 2 bG

f
ðT�t�1Þ
u

ðtÞ for all
x 2 X and t ¼ 0; :::; T � 1. Consequently, we get:

f ðT�tÞ
u ðST Þ 2 \

h2 a;bh i
Gh

f ðT�t�1Þ
u

ðtÞ for all x 2 X andt ¼ 0; :::; T � 1: ð4:5Þ

We use now a backward induction.
It is clear that HuðT Þ ¼ Cðf ð0Þu;1ðST Þ;f ð0Þu;2ðST ÞÞ.
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Assume that for some t ¼ 1; :::; T � 1 we have:

Huðt þ 1Þ ¼ Cðf ðT�t�1Þ
u;1 ðStþ1Þ;f ðT�t�1Þ

u;2 ðStþ1ÞÞ:

Then, it is not difficult to check that \
h2 a;bh i

Gh
f ðT�t�1Þ
u

ðtÞ � HuðtÞ for all x 2 X.

Consequently, from ð4:5Þ we get f ðT�tÞ
u ðST Þ 2 HuðtÞ for all x 2 X and

therefore it is easy to show that Cðf ðT�tÞ
u;1 ðST Þ;f ðT�tÞ

u;2 ðST ÞÞ � HuðtÞ for all x 2 X.

Thus, by Theorem 4.1 we obtain H CRR
u ðtÞ � HuðtÞ for all x 2 X.

From ð2:1Þ we have HuðtÞ � HCRR
u ðtÞ for all x 2 X. Consequently, we

obtain HuðtÞ ¼ H CRR
u ðtÞ.

By backward induction we have HuðtÞ ¼ HCRR
u ðtÞ for every t ¼ 0; :::; T � 1

and the proof is therefore completed. h

Remark 4.3. If l ¼ k ¼ 0 then fu 2 W if and only if b�h
b�a ðu1ðsaÞþ

u2ðsaÞÞ þ h�a
b�a ðu1ðsbÞ þ u2ðsbÞÞ � ðu1ðshÞ þ u2ðshÞÞ � 0 for all x 2 X; h

2 a; bh i and s 2 hð1þ aÞT�1S0; ð1þ bÞT�1S0i.

Remark 4.4. If we additionally assume that P ðgt ¼ 0Þ > 0 for t ¼ 1; :::; T then
a set of pre-transaction portfolios that at a given moment guarantee hedging
of the option u such that fu 2 W is the same as the analogous set for the
American version of this option (pricing of the American option is considered
e.g. in [7]).

4.1 Examples

The following fact is useful to check that for the options described later
Theorem 4.2 holds:

Lemma 4.5. Let d 2 a; bh i and let h be a continuous function defined on a; bh i as
follows:

hðhÞ ¼
a1hþ b1 if h 2 ha; di

a2hþ b2 if h 2 ðd; bi

(

where ai; bi 2 R for i 2 1; 2f g and a1 > a2.
Then, inf

h2 a;bh i
hðhÞ � 0 if and only if min hðaÞ; hðbÞf g � 0.

4.1.1 The European call option with delivery

We assume in this example that lþ k > 0.
The holder of the option has the right to buy one unit of the stock for the

price K at time T .
We have u1ðsÞ ¼ �K and u2ðsÞ ¼ s.
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The pair fu is given as follows:

fu;1ðsÞ ¼
�K if s � K

1�l
1�l
kþl ðK � ð1þ kÞsÞ if K

1þk � s < K
1�l

0 otherwise

8<
:

fu;2ðsÞ ¼
s if s � K

1�l
1þk
kþl s� K

kþl if K
1þk � s < K

1�l
0 otherwise

8<
:

It is easy to calculate that cfu;1ðsÞ ¼ ðs� K
1þkÞ

þ and cfu;2ðsÞ ¼ ðs� K
1�lÞ

þ.
Moreover, it is not difficult to prove the following fact:

Proposition 4.6. For the European call option with delivery we have fu 2 P.

For all s 2 ð0;1Þ let h1;s
fu

and h2;s
fu

be measurable and taking values in R
functions defined on a; bh i as follows:

hi;s
fu
ðhÞ ¼ Li;h

fu
ðsÞ for all h 2 ha; bi and i 2 f1; 2g

Let s 2 ð1þ aÞT�1S0; ð1þ bÞT�1S0

D E
. It is easy to check that the functions

h1;s
fu

and h2;s
fu

satisfy the assumptions of Lemma 4.5.Moreover, fromRemark 3.7
and Proposition 4.6 we have hi;s

fu
ðaÞ � 0 and hi;s

fu
ðbÞ � 0 for i 2 1; 2f g. Conse-

quently, from Lemma 4.5 we have L1;h
fu
ðsÞ � 0 and L2;h

fu
ðsÞ � 0 for all h 2 a; bh i.

For all s 2 ð0;1Þ let bh1;s
fu

and bh2;s
fu

be measurable and taking values in R
functions defined on a; bh i as follows:

bh1;s
fu
ðhÞ ¼ ðr � aÞL1;h

fu
ðsÞ þ ðh� rÞ

c
I1fu
ðsÞ

and

bh2;s
fu
ðhÞ ¼ ðb� rÞL2;h

fu
ðsÞ � ðh� rÞ

c
I2fu
ðsÞ

for all h 2 a; bh i.
Let s 2 hð1þ aÞT�1S0; ð1þ bÞT�1S0i. It is easy to notice that the functionsbhi;s

fu
for i ¼ 1; 2 satisfy the assumptions of Lemma 4.5. Moreover, from Re-

mark 3.7 and Proposition 4.6 we have bhi;s
fu
ðaÞ � 0 and bhi;s

fu
ðbÞ � 0 for i 2 1; 2f g.

Therefore from Lemma 4.5 we have ðb� rÞL2;h
fu
ðsÞ � ðh�rÞ

c I2fu
ðsÞ � 0 and

ðr � aÞL1;h
fu
ðsÞ þ ðh�rÞ

c I1fu
ðsÞ � 0 for all h 2 a; bh i.

Consequently, by Theorem 4.2 for the European call option with delivery
we obtain HuðtÞ ¼ H CRR

u ðtÞ for t ¼ 0; :::; T � 1.

4.1.2 The European call option with cash settlement:

We have u1ðsÞ ¼ ðs� KÞþ and u2ðsÞ ¼ 0.
It is easy to see that u ¼ fu.
We assume in this example that ð1� lÞð1þ bÞ > ð1þ kÞð1þ rÞ.
It is not difficult to check that HuðT � 1Þ ¼ Cðg1ðST�1Þ;g2ðST�1ÞÞ where g1 and

g2 are the functions defined as follows:
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g1ðsÞ ¼
�K
ð1þrÞ if s � K

1þa
ðð1þbÞs�KÞ
ða�bÞð1þrÞ ð1þ aÞ if K

1þb � s < K
1þa

0 otherwise

8<
:

g2ðsÞ ¼
s

1�l if s � K
1þa

ðð1þbÞs�KÞ
ð1�lÞðb�aÞ if K

1þb � s < K
1þa

0 otherwise

8<
:

It is easy to check that HuðT � 1Þ ¼ H CRR
u ðT � 1Þ.

Let g ¼ ðg1; g2Þ. It is not difficult to prove the following fact:

Proposition 4.7. For the pair of functions g ¼ ðg1; g2Þ defined above we have
g 2 P.

Stepping in the same manner as in the case of the European call option
with delivery with Proposition 4.6 replaced with Proposition 4.7 we get:

L1;h
g ðsÞ � 0

L2;h
g ðsÞ � 0

ðb� rÞL2;h
g ðsÞ �

ðh� rÞ
c

I2g ðsÞ � 0

ðr � aÞL1;h
g ðsÞ þ

ðh� rÞ
c

I1g ðsÞ � 0

for all h 2 a; bh i and s 2 hð1þ aÞT�1S0; ð1þ bÞT�1S0i.
Therefore, by Theorem 4.2 with a new last time T � 1 instead of T we

obtain HuðtÞ ¼ H CRR
u ðtÞ for t ¼ 0; :::; T � 2.

4.2 Hedging in a generalized model

In this subsection we assume a general X which doesn’t have to be finite.
Moreover, from now on we assume that the stock price dynamics instead of
ð2:1Þ satisfies the following weaker assumption:

Assumption 4.8. Pðgtþ1 < aþ eÞ > 0 and Pðgtþ1 > b� eÞ > 0 for all e > 0 and
t ¼ 0; :::; T � 1.

For all e > 0 and t ¼ 0; :::; T � 1 let De
t denote a set of all sequences of real

numbers dnf gn¼1;:::;T�t such that 0 < dn < e for n ¼ 1; :::; T � t.
For all e > 0; t ¼ 0; :::; T � 1 and d 2 De

t let H e;d
fu
ðtÞ be defined in the

same way as HuðtÞ assuming in addition that P ðguþ1 ¼ aþ du�tþ1Þþ
P ðgtþ1 ¼ b� du�tþ1Þ ¼ 1 and 0 < P ðguþ1 ¼ b� du�tþ1Þ < 1 for u ¼ t; :::;
T � 1.

For every t ¼ 0; :::; T � 1 we have:

Lemma 4.9. If fu;1 and fu;2 are continuous then HuðtÞ � HCRR
u ðtÞ for all x 2 X.
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Proof. Let x 2 X be fixed in this proof.
Assume that ðu; vÞ 2 HuðtÞ. From Assumption 4.8 it is not difficult to show

that for all e > 0 there exists a sequence d 2 De
t such that ðu; vÞ 2 H e;d

u ðtÞ. Since
we can take e arbitrarily close to 0 and fu;1; fu;2 are continuous we get
ðu; vÞ 2 HCRR

u ðtÞ.
Consequently, HuðtÞ � HCRR

u ðtÞ and the proof is therefore completed. h

In our generalized model, we have the following theorem which is similar
to Theorem 4.2:

Theorem 4.10. Let u be an option such that fu 2 W and fu;1; fu;2 are continuous
functions. Then HuðtÞ ¼ H CRR

u ðtÞ for all x 2 X and t ¼ 0; :::; T � 1.

Proof. It is clear that HuðT Þ ¼ Cðf ð0Þu;1ðST Þ;f ð0Þu;2ðST ÞÞ.

Assume that for some t ¼ 1; :::; T � 1 we have:

Huðt þ 1Þ ¼ Cðf ðT�t�1Þ
u;1 ðStþ1Þ;f ðT�t�1Þ

u;2 ðStþ1ÞÞ:

Following the lines of the proof of Theorem 4.2 we get HCRR
u ðtÞ � HuðtÞ

for all x 2 X. From Lemma 4.9 we have HuðtÞ � H CRR
u ðtÞ for all x 2 X. In

consequence, we obtain HuðtÞ ¼ HCRR
u ðtÞ.

By backward induction we get HuðtÞ ¼ H CRR
u ðtÞ; for every t ¼ 0; :::; T � 1

which completes the proof. h
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